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Monte Carlo simulations, in whih the Shrödinger equation is solved at eah Monte Carlo sweep,
are employed to assess the inuene of magnetization utuations, short-range antiferromagneti in-
terations, disorder, magneti polaron formation, and spin-Peierls instability on the arrier-mediated
Ising ferromagnetism in two-dimensional eletroni systems. The determined ritial temperature
and hysteresis are aeted in a nontrivial way by the antiferromagneti interations. The ndings
explain striking experimental results for modulation-doped p-Cd1−xMnxTe quantum wells.
PACS numbers: 75.50.Pp, 05.10.Ln, 75.30.Et, 78.55.Et
Over the reent ouples of years, Mn-doped III-V and
II-VI diluted magneti semiondutors have beome an
important playground for developing our understand-
ing of arrier-mediated magnetism in solids [1℄. To a
large extend, this stems from the fat that in these sys-
tems the relevant interations an be tuned by hang-
ing the arrier and magneti ion densities as well as by
imposing strain, onnement, eletri eld, or illumina-
tion. Partiularly intriguing are properties of magneti
quantum wells (QWs) [2, 3, 4℄, as a ritial dimension-
ality is two for a number of pertinent phenomena in-
luding the stability of ferromagnetism against magne-
tization utuations [5℄, Anderson loalization [6℄, spin-
wave Peierls-like instability [7℄, and formation of self-
trapped magneti polarons [8℄. Nevertheless, in the ase
of modulation-doped p-type (Cd,Mn)Te QWs, the tem-
perature T
C
at whih spontaneous spin splitting of ele-
troni levels appears as well as its temperature depen-
dene [9, 10, 11, 12℄ follow preditions of a simple mean-
eld Zener-like model of ferromagnetism [2℄. At the same
time, however, wide hysteresis loops that are expeted
within this model [4℄ have not been observed. Instead, a-
ording to polarization-resolved photoluminesene (PL)
measurements, the global spin polarization of the arrier
liquid inreases slowly with the external magneti eld
along the easy axis, reahing saturation at a eld by a
fator of twenty greater than what ould be aounted
for by demagnetization eets [10, 11℄.
In order to determine the importane of various phe-
nomena that ontrol magnetism in suh a redued dimen-
sionality disordered system, we have undertaken mas-
sive Monte Carlo (MC) simulations involving solution
of the Shrödinger equation at eah MC sweep. Our
system onsists of a p-doped Cd0.96Mn0.04Te QW in
whih a magneti order has been observed below 3 K
[9, 10, 11, 12℄. The QW of width LW is sandwihed
between non-magneti (Cd,Mg,Zn)Te barriers ontaining
aeptors that supply holes to the QW. In this modula-
tion doping arrangement the spatial separation of the
holes and the aeptors redues signiantly the impor-
tane of ionized impurity sattering. Moreover, aord-
ing to eetive mass theory and optial studies of this
onned system [9, 10, 11, 12℄ the in-plane and per-
pendiular hole motions are deoupled, so that the hole
wave funtion an be fatorized as Ψσ(R) = ψσ(r)ϕ(z),
where ϕ(z) =
√
2/LW sin(piz/LW ). At the same time,
the ombined eet of onnement and biaxial epitax-
ial strain breaks rotational invariane, separating by 15
meV the ground state heavy hole subband Lz = ±1
from the light hole subband Lz = 0 [11, 13℄. This, to-
gether with a strong spin-orbit interation, λsL, where
λ ≈ 0.7 eV, xes the hole spin along the z axis. A-
ordingly, the oupling between the hole spin and Mn
spin assumes an Ising-like form [9, 10, 11, 12, 13℄,
Hpd = −Ipd(R−Ri)szSzi , where Ipd is the p-d exhange
funtion. This strong magneti anisotropy renders phe-
nomena assoiated with quantum utuations of the hole
spins unimportant.
Within the standard Ruderman-Kittel-Kasuya-Yosida
(RKKY) approah, the arrier-mediated exhange inter-
ation is evaluated within the linear response theory,
whih is valid as long as the exhange indued spin-
splitting is small ompared to the Fermi energy, and the
arrier wave funtions are not perturbed by the Mn spins.
Here, we go beyond the RKKY model, as we obtain the
arrier wave funtions and energies for a partiular Mn
spin onguration by exat diagonalization. If the p-
d exhange energy |βNo| = |〈uk|Ipd|uk〉|, where uk is
the Bloh amplitude normalized in the unit ell volume
1/No = a
3
o/4, is greater than the width of the arrier
band W ≈ 12h¯2/m∗a2o, the 3D potential well assoi-
ated with the single Mn atom an bind the arrier [14℄.
Sine in the ase of p-Cd1−xMnxTe, βNo = −0.88 eV,
m∗ = 0.25mo, ao = 0.647 nm, and thus W = 8.8 eV,
we are in the weak oupling regime, where a single Mn
spin aets weakly the orbital part of the hole wave
funtion. Hene the p-d interation an be ast in the
Fermi ontat form. Thus, the Hamiltonian desribing
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FIG. 1: Temperature dependene of magnetization and sus-
eptibility of holes and Mn ions, for seleted values of hole on-
entrations in a Cd0.96Mn0.04Te QW. Open irles : Jij = 0,
losed irles : Jij 6= 0.
the in-plane motion of holes for a given distribution of
Mn spins is HKE = p
2/2m∗−∑i βδ(r−ri)|ϕ(zi)|2szSzi ,
where Si is a lassial spin vetor with S = 5/2, and
sz is the hole spin density operator with s = 1/2. We
allow for antiferromagneti (AF) interations between
Mn spins, HAF = −
∑
i,j kBJijSiSj, with Jij = −6.3,
−1.9, and −0.4 K for the rst, seond, and third neigh-
bors, respetively [15℄. The total Hamiltonian reads
H = HKE +HAF .
In our simulations we onsider a nite ell L×L×LW ,
ut from the (Cd,Mn)Te FCC lattie. We note that sine
the hole densities in the system in question are up to
104 lower than that of the Mn ions we have to employ
muh larger ells than in previous MC simulations of III-
V DMS [16, 17, 18℄. We take L = 250−350ao, LW = 8ao,
and NS = 0.8 − 1.6 × 105 Mn spins, whih result in the
desired Mn ontent x = 0.04. Hole onentrations in the
range p = 0.1− 1.4× 1011 m−2 are experimentally rele-
vant and orrespond toNh = 5−37 arriers in the simula-
tion ell [19℄. Periodi boundary onditions are employed
in the in-plane diretions and an innite potential well
is assumed normal to plane. For a given onguration
of the spins, the Hamiltonian HKE is diagonalized in a
plane-wave basis with two-dimensional (2D) wavevetors
up to the trunation radius kc = 3.5(2pi/L) [17℄. The
energy of the holes is determined by summing up the
lowest Nh eigenvalues of HKE , thus negleting arrier
orrelations and thermal exitations. The total energy is
then obtained by adding the energy of the Mn-Mn AF
interations. Thermal utuations are simulated by the
perturbative Monte Carlo method [18℄, with 2×103 initial
Monte Carlo sweeps (MCS) used for relaxation followed
by 104 MCS for thermal averages.
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FIG. 2: (a) Inverse Mn suseptibility of an undoped (HKE =
0) Cd0.96Mn0.04Te quantumwell. Open symbols : Jij = 0 and
losed symbols : Jij 6= 0. The interept of the MC data and
the horizontal (dotted) line at 1/χS = 1.83 (Eq.(1))gives the
mean-eld value of the ritial temperature (T
C
) for the doped
system. (b) Variation of T
C
with doping level as obtained by
MC simulations. Horizontal lines are the mean-eld results,
as obtained from (a). Dashed line : Jij = 0, solid line :
Jij 6= 0.
We show in Fig. 1 the temperature dependene of the
spin polarization 〈|σz |〉 = 〈|∑i σzi |/N〉 and the susepti-
bility χσ =
[〈|∑i σzi |2〉 − 〈|
∑
i σ
z
i |〉2
]
/NT , where σ = s
or S and N = Nh orNS , of a Cd0.96Mn0.04Te QW at zero
eld and various hole onentrations. Non-zero values of
spin polarization at high temperatures, of the order of
1/2
√
Nh, are due to nite size eets in arrier statis-
tis. The abrupt inrease in the hole and Mn spin polar-
izations and the peak in the suseptibilities at the same
temperature indiate a seond order phase transition to a
low-temperature state. While the hole spins beome sat-
urated immediately below T
C
, the muh denser Mn spin
subsystem saturates rather slowly on lowering tempera-
ture. Notie that the range p = 0.10− 1.40× 1011 m−2
extends from the weakly to the strongly loalization
regime, as evidened by the spatial extent of the arrier
wave funtions, disussed below. Interestingly, sponta-
neous hole polarizations are observed in both these lo-
alization regimes.
Our MC data make it possible to verify the validity of
the mean-eld approximation (MFA) that was previously
employed to desribe the experimental ndings [9, 12℄. In
the absene of hole sattering (disorder), the MF T
C
is
determined by the ondition [2℄
AFNoxβ
2ρ(εF )/4kB = 1/χS(T ). (1)
Here AF is the Fermi liquid parameter; ρ(εF ) is the den-
sity of the arrier states at the Fermi level, where for
the 2D ase ρ(εF ) = m
∗
∫
dz|ϕ(z)|4/pih¯2, and χS(T )
is the Mn spin suseptibility in the absene of arriers.
Thus, within the MFA the ferromagneti order appears
if χ−1S (T ) < 1.83 K, as obtained from Eq.(1) for the
sample in question and noninterating holes (AF = 1).
Fig. 2 presents χS(T ) as determined by MC simulations
for an undoped sample (Nh = 0), and implies that in
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FIG. 3: Upper branh of the magnetization hysteresis loop of
holes and Mn ions in a Cd0.96Mn0.04Te quantum well at T =
0.7T
C
. The hole density is p = 0.41 × 1011 m−2(Nh = 21).
the relevant temperature range the AF interations re-
due χS(T ) almost threefold from the value S
2/3T of
the paramagneti ase, in agreement with experimen-
tal results for intrinsi Cd0.96Mn0.04Te [9, 12, 15℄. As
shown in Fig. 2(a), the χS(T ) data predit a MFA value
of T
C
for the doped system equal to 1.25 ± 0.1 K and
3.81 ± 0.1 K when the AF interations are swithed on
and o, respetively. A omparison of these values to
the MC results (Fig. 2(b)) demonstrates that the MFA
overestimates T
C
by a fator lose to two if there are no
AF interations. This ould be expeted given the nite
range of the RKKY-type interations involved. However,
in the presene of the AF interations the dierene be-
tween the MC and MFA values of T
C
is muh redued.
This implies that the system assumes the low tempera-
ture phase at signiantly higher temperature than that
expeted for a simple ferromagneti order.
To eluidate further the role of AF interations we note
rst that the ompetition between long-range ferromag-
neti interations and short-range AF interations was
suggested to result in the formation of 180o domains,
haraterized by a wide spetrum of size distribution [11℄.
This suggestion was put forward in order to explain the
absene of magneti hysteresis and, thus, of spontaneous
global magnetization in p-(Cd,Mn)Te quantum wells be-
low T
C
. In order to investigate this onjeture we have
performed MC simulations of the eld dependent mag-
netization, shown in Fig. 3. When short-range AF in-
terations are swithed o, the global spin polarization
exhibits a square hysteresis spei to the Ising model
in a magneti eld. However, in the presene of the AF
interations, a suppression of the remanent magnetiza-
tion ours and a relatively high value of the saturation
eld Hsat ≈ 150 Oe is obtained, in agreement with the
experimental ndings [10, 11℄. Our results indiate that
the AF interations play a role of random elds that are
known to turn the hystereti behavior of Ising spins into
a linear and reversible dependene of magnetization on
the external eld [20℄.
An important aspet of our simulations is that they
an provide information on the atual evolution of arrier
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FIG. 4: Snapshot (at the nal MCS) of the in-plane hole
wave funtions for the lowest eighteen eigenstates in a
Cd0.96Mn0.04Te quantum well with p = 0.41 × 10
11
m
−2
(Nh = 21) at high temperature (T = 5TC). AF interations
are inluded. The grid sale is equal to 3.5ao.
wave funtions with hole density, temperature and time.
We plot in Fig. 4 the in-plane harge distribution of the
arrier wave funtions in a Cd0.96Mn0.04Te quantum well
with hole density p = 0.41×1011 m−2 (Nh = 21). These
snapshots orrespond to the nal MC sweep of simula-
tions arried out at high temperature (T = 5T
C
) and
zero eld. The rst few (n ≃ 10) states exhibit strong
in-plane loalization, with a radius R ∼ 20−30 nm, while
higher states are weakly loalized. Given that the one-
hole states in our system are only weakly dependent on
the total arrier density, we dedue that in lightly doped
samples (p <∼ 0.19×1011 m−2, or Nh <∼ 10) all states are
strongly loalized while in denser samples both strongly
and weakly loalized states exist.
Furthermore, while the harater of the wave funtions
varies appreiably with arrier density, it does not hange
substantially aross T
C
. In partiular, the sequene of
strongly and weakly loalized states, observed above Tc
(Fig. 4) remains unhanged below Tc. This observation is
onsistent with the holes being sattered o the magneti
moments of Mn ions, whose ordering proeeds rather
slowly on lowering temperature (Fig. 1), ausing a orre-
sponding slow variation of the sattering potential land-
sape. The above features ompose a arrier-mediated
(RKKY-type) ferromagneti transition in a system with
disorder-driven Anderson loalization. As regards the
time evolution of the harge distribution, at T ≪ T
C
the
hole gas remains fully spin polarized, while at T <∼ TC our
simulations indiated a slow and almost oherent rever-
sal of the hole polarization. In this temperature regime
the splitting of the PL line, being proportional to the
absolute arrier polarization, will be non-zero, while its
degree of irular polarization will average to zero. This
behavior has indeed been observed in miroluminesene
studies [11℄.
In order to assess possible eets of disorder we note
that sine in a true 2D system the density of states does
4not vary with the Fermi energy, the MFA values of T
C
are expeted to be independent of the hole onentra-
tion. However, a lowering of T
C
when reduing p has
been deteted experimentally in thin QWs and attributed
to disorder sattering [12℄. This behavior is reprodued
by our simulations in the low-p limit (Fig. 2(b)), while
the disorder-indued loalization of the holes in the low-
p limit (Fig. 4) is onsistent with the onjeture on the
role of disorder on the lowering of T
C
. At the same time,
the lak of a substantial variation of the wave funtions
with temperature implies that the formation of magneti
polarons does not aount for the phase transition in
question. This onlusion supports the notion that the
ferromagneti instability driven by the RKKY-type in-
terations [2℄ preedes the self-trapping of holes and the
formation of magneti polarons [8℄. Finally, we note that
the stati spin suseptibility of the 2D arrier gas does not
depend on the wave vetor q, whih suggests a tendeny
towards a spin-Peierls instability in suh systems, our-
ring at q = 2kF . Atually, suh a spin-density wave se-
nario has been put forward in order to explain the above-
mentioned absene of hysteresis in p-(Cd,Mn)Te quan-
tum wells below T
C
[10℄. If this would be the ase, the
spatial modulation of the arrier wave funtion should de-
pend on temperature and, furthermore, its period should
derease as the square root of the arrier density. In
ontrast, our simulations point to an inrease of the lo-
alization radius with the hole onentration.
In onlusion, we have simulated a quasi-2D system
of arriers oupled to utuating loalized spins in the
regime orresponding to arrier-driven ferromagneti in-
stability and Anderson loalization. Our results demon-
strate that the RKKY-type interation gives the domi-
nant ontribution to spin ordering, while the formation
of magneti polarons or spin density-waves appear to be
of lesser importane. Furthermore, our ndings iden-
tify limits of the validity of the MFA in desribing the
hole-mediated ferromagnetism, partiularly in the pres-
ene of ompeting short-range AF interations. Aord-
ing to our results, the AF interations derease T
C
less
than expeted within the MFA but redue strongly the
remanene and the oerive eld, whih explains hitherto
puzzling experimental results for p-(Cd,Mn)Te QWs. In-
terestingly, these eets dierentiate the (II,Mn)VI from
the (III,Mn)V ompounds, as in the former the ionized
Mn aeptors attrat holes and the AF interations, even
for rst neighbors, beome overompensated by the fer-
romagneti oupling. Finally, it should be noted that
arrier loalization and spin-density wave instability in
real systems are aeted by the arrier-arrier repulsion,
an eet negleted in the present simulations. However,
we do not expet that the presene of arrier orrelation
will qualitative alter our onlusions.
We thank J. Cibert, D. Ferrand, J.A. Gaj, P. Kossaki,
A.H. MaDonald, and H. Ohno for valuable disussions.
The work in Poland was partly supported by AMORE
projet(GRD1-1999-10502) of European Commission.
∗
Eletroni address: trohidouims.demokritos.gr
†
Eletroni address: dietlifpan.edu.pl
[1℄ T. Dietl and H. Ohno, MRS Builletin, Otober 2003, p.
714; Semiondutor Spintronis and Quantum Compu-
tation, edited by D.D. Awshalom, N. Samarth, and D.
Loss (Springer, Berlin, 2002).
[2℄ T. Dietl, A. Haury, and Y. Merle d'Aubigné, Phys. Rev.
B 55, R3347 (1997).
[3℄ Byounghak Lee, T. Jungwirth, and A.H. MaDonald,
Phys. Rev. B 61, 15 606 (2000); J. Fernández-Rossier
and L.J. Sham, Phys. Rev. B 64, 235323 (2001).
[4℄ Byounghak Lee, T. Jungwirth, and A. H. MaDonald,
Phys. Rev. B 65, 193311 (2002).
[5℄ See, e.g., J.M. Yeomans, Statistial Mehanis of Phase
Transitions (Oxford University Press, Oxford, 1993).
[6℄ See, e.g., D. Belitz and T.R. Kirkpatrik, Rev. Mod.
Phys. 57, 287 (1994).
[7℄ See, e.g., S. Sahdev, Physia A 313, 252 (2002).
[8℄ A.V. Kavokin and K.V. Kavokin, Semiond. Si. Tehnol.
8, 191 (1993); C. Benoit à la Guillaume, Phys. Stat. Sol.
(b) 175, 369 (1993).
[9℄ A. Haury et al., Phys. Rev. Lett. 79, 511 (1997).
[10℄ P. Kossaki et al., Physia E 6, 709 (2000).
[11℄ P. Kossaki et al., Physia E 12, 344 (2002).
[12℄ H. Boukari et al., Phys. Rev. Lett. 88, 207204 (2002).
[13℄ P. Peyla et al., Phys. Rev. B 47 (1993) 3783; B. Kuhn-
Heinrih et al., Solid State Commun. 91 413 (1994).
[14℄ C. Benoit à la Guillaume, D. Salbert, and T. Dietl, Phys.
Rev. B 46, R9853 (1992).
[15℄ Y. Shapira and V. Bindilatti, J. Appl. Phys. 92, 4155
(2002), and referenes ited therein.
[16℄ M.A. Boselli, A. Ghazali, and I.C. da Cunha Lima, Phys.
Rev. B 62, 8895 (2000); O. Sakai, S. Suzuki, and K.
Nishizawa, J. Phys. So. Japan 70 1105 (2001); G. Al-
varez, M. Mayr, and E. Dagotto, Phys. Rev. Lett. 89,
277202 (2002); L. Brey and G. Gómez-Santos, Phys. Rev.
B 68, 115206 (2003).
[17℄ J. Shliemann, J. König, and A.H. MaDonald, Phys.
Rev. B 64, 165201 (2001).
[18℄ M.P. Kennett, M. Beriu, and R.N. Bhatt, Phys. Rev. B
66, 045207 (2002).
[19℄ Following Ref. [17℄, ompletely lled shells in the reip-
roal lattie are used, leading to Nh = 5, 9, 13, 21, 37, ....
[20℄ K. Dahmen and J.P. Sethna, Phys. Rev. B 53, 14872
(1996).
